A Stochastic Newton-type Method for
Non-smooth Optimization

Titus Pinta

September 23, YAMC
2025, Padua

1/33



Problem Formulation

Given f : R" — R, non convex, non smooth with generalized 2nd
order information (i.e. semi-smooth gradient)

Problem
Find

argmin f(x) (P)
x€ERN

The tricky part: Hf (2nd order information) only available from a
BAD stochastic oracle H

» biased: E(H) # Hf
P> heavy tails
» unbounded moments: E((H)?) = oo
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Stochastic Analysis
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Probability Estimates

X a random variable,

Theorem (Markov)
X>0 = P(X>a)<EX)

—

Theorem (Cernoff)
{Tk} ey i-i.d. Bernoulli, P(T* =1) > (1 —0) Then~ € (0,1),
VneN

n—1 n—1 9
(Sr e on(r)) oo
k=0 k=0
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Stochastic Processes

{Tk},cn a stochastic process, 5" = Zz;é Tk

Definition (Stopping Times)

K is a stopping time if [{K > k} is independent from any T" with
n>k

Example: K=min{ne N | T" > a}

Theorem (Expectation)

IFE(T*) > a Vk, K a stopping time for {Sk}, .y and E(K) < oo,
then
E(S%) > E(K)a.
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Theorem (Young?)
{TK} wen iid. Bernoulli, S" = Y05 TK, P(TK =1) > (1 —§)
Then v € (0,1), K a stopping time with finite expectation

P((1 — K > 25K + v(1 = YH)E(K)) < e 7 EK)

Proof (sketch).
Define

BN — (1 4 ~) 200 A= (1 — 4) 250 (T g=7E(K)

Turns out ®V is a martingale

E(®") < E(2°)

Markov and convex inequalities O

IN. Young Chernoff-type bounds for a stopped sum of independent random
variables, unpublished 7/33




Error Bound Theory
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Gradient Lower Bound and Sufficient Decrease
f : R" — R Lipschitz and a sequence {x*},_y

Definition (Gradient Lower Bound)
Ir, VA < Tl = XK
Definition (Sufficient Decrease)
3p, F(XF) = FOKTE) 2 plx = K2
Theorem

min | VF(x")] < e

for all
k> 0O(7?)
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Regularity
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Newton Differentiability

Definition
F :R" — R" is pointwise (weakly) Newton differentiable at x if

there are ¢ € R(c # 0) and ‘HF : R" = R™*" with

[F(x) = F(x) = Hx =Xl _
[x = x|

lim sup
XX HEF (x)

Definition
F :R™ — R" is uniformly (weakly) Newton differentiable at x if
there are ¢ € R(c # 0), HF : R" = R " such that Ve > 0 39,
Vx € R™ Vy € V with ||x — y|| <9,

F(x) — F(X) — H(x — x
IF) — FO) = HO =l _

[Ix = x|

sup
HEeMF(x)
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Examples

Proposition
F:R" = R", K compact, F € Cl(K), then F is uniformly Newton
differentiable on K with a Newton differential H(x) := {VF(x)"}

Proposition
f:R" — R p-strongly convex C' and L-smooth, K compact, then
VT is uniformly weakly Newton differentiable on K with a Newton

differential H(x) := {1 | YL+ =2am < 1}
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Examples

Definition
F :R" — R" is Lipschitz uniformly semi-smooth* on V if Ve > 0
30 such that Vx, Yy € V with ||x — y| <4,

[F'(x;x —y) = F'(y; x = y)|
[x =yl

<e

Proposition
F :R" — R", F uniformly semi-smooth* on V, then F is
uniformly Newton differentiable on V with a Newton differential

H(x) := conv {H e R™M | El{Xk}kENylimk%N VF(Xk)T = H}
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Examples

Example?

40 —y)+2(x—1) B 1+4x? —2x
F(ny) - |: _2(X2 __V) HF(X,}/) =<2 _ox 1
F is uniformly Newton differentiable on {0}

Example

X x € Q, - 1 x € Q,
F(X):{—x x€eR\Q HF(X)_{—l x ER\Q

F is uniformly Newton differentiable on {0}

2R. Bergmann et al. “The difference of convex algorithm on Hadamard

manifolds”
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Examples

Proposition

f : R" — R strongly convex and L smooth, then Vf is uniformly
Newton differentiable on argmin f with Newton differential =!I
for A good

Newton's Method

xKH = xk _ AV F(xK)

Remark
Recover (most of) the theory of (sub)gradient descent as (very
bad) Newton-type methods
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Convergence Result

Theorem

Let f : U C R" — R be Lipschitz with a local minimum at x and
with gradient uniformly weakly Newton differentiable (Hf) around
X, ¢ from Newton differentiable small enough for all x € U and

H € Hf, H is positive semi-definite and ||[H™| <

e xk - HF(xK)TIVF(xR)

then

3, VA < 7l = x|
3o, F(XF) = FOM) = pl|x T — XK

16/33



Convergence Result

Corollary

With the same assumptions,
min [ VF(x")| < ¢
for all
k> 0O(?)

NOT a good result:

Theorem
With the same assumptions

It = x| < (e)|x* — x|
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Algorithm
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Setup

Deterministic algorithm
xT € x —HF(x)'VF(x)

We don't have access to Hf
Only to a stochastic oracle H

P(H(x) € Hf(x)) >1—0

We know: if H(x) € Hf(x), with x* ~ x — H(x) V£ (x)

Ir, IVEGI < 7llx™ — x|
Ip, Fx) = F(xT) 2 pllx® — x|

Idea: use (1) as a test for H(x) € Hf(x) via backtracking
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Algorithm

Data: ,Vf,x% ¢y €[0,00),a € (0,1),¢ € (0,1);

1 k+0;
2 while ||Vf(xk)\| > ¢ do
Sample: B;
3 y<—xk—Bk81f(xk);
a | ifF(x¥) = f(y) > ally — x¥||* and
181 (x*)|| < ex~"[|y — x¥|| then

5 xktl oy

6 Ck+1 < Ck,

7 else

8 xk+L  xk.

9 Ck+1 < QC;

10 end

11 k+ k+1;
12 end
13 return xk;
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Main Result

Theorem

Let f: U CR" — R be Lipschitz with a local minimum at x and
with gradient uniformly weakly Newton differentiable (Hf) around
X, ¢ from Newton differentiable small enough for all x € U and

H € Hf, H is positive semi-definite and ||H=!|| < Q

Let x* be the sequence produced by the algorithm and

K € NU {00} the total number of iterations

Then

1.
E(K) < (1-6)"t0(?)

P(K > 7*E(K)) < O(e 7107
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Proof Idea

Any successful® iteration makes progress

From error bounds, we need at most O(s~2) true* iterations
K is bounded by sum of Bernoulli (iteration is true)
Expectation of sums gives E(K) < (1 —6)710(e72)
Chernoff gives P(K > y2E(K)) < O(e=7"(1=9)717%)

SANESR A .

3Xk+l #Xk
“xk e HF(xY)
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Examples
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Noisy Newton

f € C? convex, and we sample B(x) ~ V2f(x) + N (0, %)
Problem: P(B(x) € {V?f(x)}) =0

Proposition
If Fis uniformly Newton differentiable with HF, then it is weakly
Newton differentiable with HF + B_[0]

Proposition

P(B(x) € V*f(x) + B2 rss0] > 1 — 0"
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Lemma (Johnson-Lindenstrauss)

ForanyneN, e >0, <1/2 and d € O(—c2log(¥)), we
sample A ~ D, A € RIX" ¥x € R" with ||x|| = 1

P(|[|Ax]* ~ 1 <€) < 0.

Algorithm
f € C? convex, and we sample B(x)~! ~ DT(DV?f(x)DT)~1D?

Proposition

If F is uniformly Newton differentiable with HF, then it is weakly
Newton differentiable with GF if

[(HF(x) = GF(x)(x = y)l
[Ix =yl

x—yl <8 = <e

5This estimator has bias and large variance
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Image Denoising

Problem
n:R™M*XM2 _s R and d: RM>*XmM2 3 R

mi—1m—1

n(x) = Vx| = D7 > Gajrr —xij-1)* + (g — xi-1)”

=2 =2
d(x) = ||x - ol

min  n(x) + ad(x)

Xele Xmo
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Image Denoising
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Figure: The probability distribution of the embedding matrices is
UnifII(n, d)
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Image Denoising
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Problem

1. the object we want u € £ C L2(R3,C)
2. unknown random noise p = Unif SO(3)
3.
4

. the amplitude of the electron intensity on the detector plane

the function || : £ — II(R?)

5.(A) = /S o FlBe PR30

du(A) is the expectation number of electrons to detect in
A C R?

6. we can measure this!

(u, x;)

Uk(x, - . = argrgm Z — log 8/\
= i=1
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Algorithm

Un(Xt, ..o xn) = argminz — log 665; (u, x;)

N is very large!
We use batch size B

B
=V —logf(u, X, )
i=1

k1 _ { al if M divides k,
S(uk7g|_k/MJ(uk)7 Hk) else,
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XFEL Imaging
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XFEL Imaging
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T. Pinta, A Stochastic Newton-type Method for Non-smooth
Optimization. Math. Program. (under review).
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