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Abstract

This poster presents a novel approach to the differen-
tiation of vector valued functions defined on abstract met-
ric spaces. Using this machinery, a family of Newton-type
methods is proposed. Such a method aims to provide an
efficient algorithm for solving F (x) = 0 where F : M → Rn

and M is a complete metric space. We then establish suf-
ficient conditions for the super-linear convergence of the
methods. Further, a test for the existence of a zero for F
is developed, yielding a Newton-Kantorovich type theorem.
The proposed framework can easily find real world applica-
tions, for instance in the study of network flow problems and
in optimization problems with manifold constrains.

Algebra

Consider a complete metric space (M, dist) and a map-
ping H : M×M → Rn such that

∀x ∈ M H(x, x) = 0. (1)

We denote the set of all mappings that satisfy (1) with S(M).

Definition 1 A H ∈ S(M) is called invertably compatible if
there exists m ∈ R such that

∀x, y ∈ M, ∀v, w ∈ Rn d(H−1(x, v), H−1(y, w))

≤ m∥v − w −H(x, y)∥. (2)

We denote ∥H−1∥ := inf{m | (2) holds}. The set of all such
mappings is denoted by GS(M)

Newton Differentiability

Definition 2 Let M be a complete metric space. A function
F : M → Rn is called weakly pointwise Newton differen-
tiable at x̄ if there exists a set valued mapping HF : M ⇒
S(M) such that

lim
x→x̄∈V

sup
H∈HF (x)

∥F (x)− F (x̄)−H(x, x̄)∥
dist(x, x̄)

< ∞.

Furthermore, if

lim
x→x̄∈V

sup
H∈HF (x)

∥F (x)− F (x̄)−H(x, x̄)∥
dist(x, x̄)

= 0.

the function F is called pointwise Newton differentiable at
x̄.

The set valued mapping HF is called a Newton differen-
tial of F .

Definition 3 Let F : M → M Newton differentiable at x̄ with
Newton differential HF . The fixed point iteration of the set-
valued operator NHF : M ⇒ M,

NHFx = {H−1(x,−F (x)) | H ∈ HF (x) ∩GS(M)},

xk+1 ∈ NHFx
k (3)

is called a Newton-type method.

Main Result

Theorem 1 Let F : U ⊆ M → Rn be pointwise Newton
differentiable at x̄ with F (x̄) = 0. and Newton differen-
tial HF . Assume that the Newton-type iteration is proper
(nowhere empty) i.e. for all xk produced by the iteration,
HF (xk) ∩ GS(M) ̸= ∅. Furthermore, assume that the set⋃
x∈U{∥H−1∥ | H ∈ HF (x) ∩ GS(M)} is bounded. Then

any sequence {xk}k∈N generated by (3) with x0 near x̄ con-
verges super-linearly to x̄.

Kantorovich Theorem

For the super-linear convergence of Newton-type meth-
ods, the existence of a zero is required. The next theorem
provides a test, evaluated only at x0, for the existence of
such a zero. The first step in stating the theorem consists
in extending the notion of Hölder continuity.

Definition 4 A mapping H : M → GS(M) is called point-
wise h-smooth at x0 if there exists κ > 0 and α > 0 such
that

∀x ∈ M,∀y, z ∈ M dist(x,H(x)−1(x,H(x0)(z, y)))

≤ (1 + κdist(x, x0)
α
) dist(y, z).

Theorem 2 Let M be a complete metric spaces and F :
U ⊆ M → Rn be pointwise Newton differentiable on U with
the Newton differential, HF , having a h-smooth selection
denote by HF i.e. HF is h-smooth and ∀x ∈ U,HF (x) ∈
HF (x). Let κ > 0 and γ ∈ [1, 2] be such that

∀x ∈ M,∀y, z ∈ M dist(x,HF (x)−1(x,HF (x0)(z, y)))

≤ (1 + κdist(x, x0)
γ−1

) dist(y, z).

and let L > 0 be such that

∀x, y ∈ U : ∥F (x)− F (y)−HF (x)(x, y)∥ ≤ L

2
dist(x, y)γ.

Let x0 ∈ U and assume there exists B < ∞ such that

B = sup
x ̸=y∈M

∥HF (x0)(x, y)∥
d(x, y)

and η := d(x0, HF (x0)
−1

(x0, F (x0))). Suppose further that
there exist a constant M∗ such that for all x ∈ U

∥HF (x)−1∥ ≤ M∗.

Assume that for all x ∈ U ,

HF (x)−1(x,−F (x)) ∈ U.

Furthermore assume there exists t̄ ∈ (0,∞) and a func-
tion f ∈ C2[0, t̄] with Lipschitz continuous second derivative
such that for all t < t̄

(a)
LB

2

(
f (t)

f ′(t)

)γ

≤ f

(
t− f (t)

f ′(t)

)
, (4)

(b)
f (0) = η, f (t) > 0, f (t̄) = 0.

(c)
−1 < −1 + κtγ−1 ≤ f ′(t) < 0,

(d)
f ′′(t) > 0

Then there exists x̄ ∈ U such that F (x̄) = 0.

The theorem requires similar smoothness assumptions
as the theorem proving super-linear convergence. Further
assumptions require only information regarding the function
and its Newton differential at x0, transforming this theorem
into a numerically implementable test for the existence of a
zero. In order to implement this test, an optimization based
solver for the differential inclusion in (4) can be employed.

Euclidean Spaces

In the setting of M = Rn with the Euclidean metric,
the presented formalism recovers known results about non-
smooth Newton-type methods.
Example 1 Let T ∈ Rn×n. Then the mapping H : Rn×Rn →
Rn defined by

H(x, y) = T (y − x)

is in S(Rn). Furthermore, if T is invertible, then H is in-
vertably compatible with

H−1(x, v) = x + T−1v.

This can be seen because

dist(H−1(x, v), H−1(y, w)) = ∥y + T−1w − x− T−1v∥
= ∥T−1∥∥v − w − T (y − x)∥

Definition 5 A function F : U ⊆ Rn → Rm has a directional
derivative at x̄ ∈ U where U is a neighbourhood of x̄ if for
all y ∈ U

lim
t↓0

F (x + td)− F (x)

t
= F ′(x; d) (5)

exists and is finite.

Definition 6 A Lipschitz continuous mapping F : U ⊆ Rn →
Rm is called weak semi-smooth at x̄ ∈ U if it has a direc-
tional derivative at all x ∈ U and

lim
x→x̄

∥F ′(x;x− x̄)− F ′(x̄;x− x̄)∥
∥x− x̄∥

< ∞, (6)

where D is the full measure where F is differentiable. Fur-
ther, if

lim
x→x̄

∥F ′(x;x− x̄)− F ′(x̄;x− x̄)∥
∥x− x̄∥

= 0, (7)

F is called semi-smooth at x̄ ∈ U .

Proposition 1 A (weakly) semi-smooth mapping at x̄, F :
U ⊆ Rn → Rm is (weakly) Newton differentiable at x̄ with
HF (x) = {(x1, x2) 7→ F ′(x;x2 − x1)}.

Gradient Descent

The classic convergence rate result of the gradient de-
scent algorithm applied to a strongly convex function repre-
sents an essential example of the application of the Newton
differentiability theory.

Proposition 2 Let f : Rn → R a bounded from below,
strongly convex function with L-Lipschitz continuous gra-
dient, then ∇f is weak Newton differentiable near the
unique global minimum x̄ with a Newton differential given
by H∇f (x) = {α I} for any choice of step size α.

Riemannian Manifolds

The framework developed can also apply to Riemannian
manifolds. Let F : U ⊆ M → Rn a smooth mapping and
dF (x) : TxM → Rn its differential. Let x̄ ∋ U ⊆ M such
that F (x̄) = 0. On the neighbourhood U , we can define the
mappings log(x) : M → TxM, exp(x) : TxM → M and a lo-
cal frame bundle yielding isomorphisms O(x) : TxM → Rn.
The parallel transport map is denoted by Γ(x, y) : TxM →
TyM.

Proposition 3 Let M be a complete n dimensional Rie-
mannian manifold, with the Riemannian metric. Let F :
M → Rm a smooth mapping. Then F is pointwise New-
ton Differentiable at any point x0 with Newton Differential
HF : M → S(M) given by

HF (x)(y, z) = {O(x)(dF (x)Γ(y, z)(log(y)(z)))}.

Proposition 4 Let F : U ⊆ M → Rn a smooth mapping
and let L such that

∀x, y ∈ U
∥F (x)− F (y)−O(x) dF (x)Γ(y, x)(log(y)(x))∥

dist(x, y)2
≤ L

2
.

Denote by B := ∥ dF (x0)∥, and η := ∥(dF (x0)O(x))
−1

F (x0)∥.
Furthermore assume that LBη ≤ 1/2. Then there exists
x̄ ∈ U such that F (x̄) = 0.

Conclusions

The main aim of the present work is to develop a frame-
work for understanding the behaviour of Newton-type meth-
ods in abstract metric spaces. The notion of invertible linear
maps has to be adapted to the non-linear setting of metric
spaces. This definition is informed by the requirements for
the convergence of the Newton-type methods. Similarly,
the concept of differentiability materializes itself as Newton-
differentiability in the non-linear context. With this defini-
tions, we can formulate super-linearly convergent Newton-
type methods. Finally the classic Kantorovich theorem can
be adapted to the setting of metric spaces.
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