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Problem
We want to solve:
F(x)=0

F :R" — R" F non-linear
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Classic Newton

Algorithm

Step 1: Pick x°

Step 2: Pick x**! as the solution of
LF(y) = F(xX)+ VF(x*)(y —x*) =0

Step 2: Equivalently

Xk+1 — Xk . VF(Xk)_lF(Xk)
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Convergence Proof 1

Theorem

F € C'* and F(x) = 0 and det VF(x) # 0 (this implies that
IVF(x)~Y| is bounded on a neighborhood of x), then xX — x
quadratically

Proof.

0= F(x) = F(x*) + VF(x*)(x* = x) + O(|Ix* — x||*)
XK = VF(x)TIF(x*) — x = X1 — x = VF(x*)TLO(||x* - %||?)
L]
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Convergence Proof 2

Theorem

F € C! and F(x) = 0 and det VF(x) # 0 (this implies that
IVF(x)~Y| is bounded on a neighborhood of x), then xX — x
superlinearly

Proof.

0= F(x) = F(x*) + VF(x")(x* = x) + o(|Ix* — xI)
XK — VF(x*)TIF(x}) — x = xk1 — x = VF(x¥)Lo(||x* — x|
L]
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Convergence Proof 3

Theorem

F € C! and F(x) = 0 and det VF(x) # 0 (this implies that
|VF(x)~!|| is bounded on a neighborhood of x), then xk — x
superlinearly

Proof.
[F(x) = F(x) = VF(x)(x = x)|| = o(llx = X|)

I = X|| = [lx* = VE(H) T () = %]
= [Ix* —x = VF(x*) ' F(x*) = VF(x*) ' F(x)|
< IVFC)THIVE ) = %) = F(x*) + FR)|
< Mo([|x* — x|
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Fixed Point Theory

Consider x**1 = F(xk)
de <1,Vx,y e R" [|F(x) = F(y)|| < cllx =y

= 3%, F(x) = x and x* converges linearly to x

¥x,y €R"|F() = FW)I? < lIx—yl* —allx—F(x) =y = F(y)|

if Ix, F(X) = x = x* converges to x

Jde< 1,Vx e R" ||F(x) — F(X)|| < cl|x — X||

= xk converges linearly to x

Yx e R" |[F(x) = F(x)I| = o(llx = x]))
= xk converges superlinearly to x
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Convergence Conclusions

The key ingredients of the proof were:
1. Ix with F(x) =0
2. VF(x)~! bounded (by M) near x

3.
IF(x) = F(x) = VF(x)(x = x)|| = o(]lx = x]])
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Semismoothness

9/67



Directional Derivative

Definition
F:UCR™— R" has a directional derivative at x € U if for all
yeU andd=y—x

F(x + td) — F(x)

lim = F'(x;d)
tl0 t

Definition
If F has directional derivatives at all x it is called Giteaux
differentiable.
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Generalized Derivatives

Set-Valued Maps
T:R"=RMisamap T:R" — P(R™), so Vx, T(x) C R™

Let F: R" — R™ Lipschitz continuous. By Rademacher's theorem

D CR" dense Vx € D,3VF(x)

Definition
For F : R"™ — R™ Lipschitz continuous, the Bouligand derivative
OgF

OgF(x) = {H e R™™ | I{x*}, .y € D, Jim VF(x¥) = H}
—00
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Generalized Derivatives (cont.)

Definition
For F : R™" — R™ Lipschitz continuous, the Clarke derivative OgF

OF (x) = conv dgF(x)

Definition
For F : R" — R™ Lipschitz continuous, the Qi derivative OcF

OF (x) = OF 1 (x) X -+ X OFm(x)

To be clear: 9gF,dF,0cF : R" = R"™™

dgF(x) C OF(x) C OcF(x)
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Semismooth Functions

Definition

F:UCR™ — R" Lipschitz continuous is semismooth! at x if for
any sequences {ty},cy > 0 with limy_, tx =0, {dk}kGN
convergent to d*, and {H*},_ € OF (x + txd¥) the limit

limy oo H¥(d*) exists

Miffin, “Semismooth and Semiconvex Functions in Constrained

Optimization”, 1971
13/67



Properties
See 2 for proofs
Lemma

Let F : R" — R Lipschitz continuous and x,y € R" there exist
te9,1]

dH € OF(x+ t(y — x)), F(x)—F(y) =(H,y — x)
Lemma

If F is semismooth at x then for all d, F'(x;d) exists and for any
{d*}cn convergent to d, and {H*}, .\ € OF (x + t,d¥) the limit

lim HX(d*) = F(x;d)

k— 00

2Ulbricht “Nonsmooth Newton-like Methods for Variational Inequalities and
Constrained Optimization Problems in Function Spaces”, 2003, Habitation
Thesis, https://www.researchgate.net/publication/2473025_
Nonsmooth_Newton-like_Methods_for_Variational_Inequalities_and_

Constrained_Optimization_Problems_in_Function_Spaces 14/67
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Properties 2

The following are equivalent
1. F is semismooth at X
2. Fis Lipschitz, F'(x;-) exists and

sup [|H(x — %) — F'(x;x = 3)|| = o([lx — x||)
HedF (x)

3. Fis Lipschitz, F'(x;-) exists and

sup ||F(x) — F(x) — H(x = x)[| = o(|[x — x||)
HEBF (x)
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Proof ldea 2. & 3.

Take v such that

(v, F(%) = F(x) = F'(x;x = x)) = | F(x) = F(x) = F'(x;x — x)|

Define:

o(t) = (v, G(X) — G(x + t(x — X)) — tG'(x;x — x))

Compute ¢(1) — ¢(0) using ¢’
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Semismooth Newton Method

Recall
1. 3x with F(x) =0
2. VF(x)~! bounded (by M) near x

3.
IF(x) = F(X) = VF(x)(x = x)|| = o(llx = x[))

Semismooth = 3. Holds with VF(x) replaced by 0F(x)
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Semismooth Newton Method
Algorithm
xk1 e Ixk — H71F(xK) | H € 9F (x¥)}

Theorem

F Lipschitz with and F(x) = 0 and semismooth at x and for all x
near x for all H € OF (x), ||H™Y|| < M, then xX — x superlinearly

Proof.
Let H such that xk*1 = xk — H=1F(x¥)
I = x| =[x = HTTF(xK) = x|
= |xk —x = H'F(x*) = H'F(x)||
< [HHIIH(X* = %) = F(x*) + F(3)|
< Msup H € OF (x¥)||H(x* — %) = F(x*) + F(x)|
< Mo(|lx* = x|))
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Examples

if F € C! then it is semismooth

log(1 + |x]) is semismooth

x? sin(x~1) is differentiable, but not semismooth

Ll

F is called PC¥ if it is continuous and there are
Fi,...,Fm € CK and for all x, F(x) € {F(x),..., Fm(x)}. If F
is PKC! then it is semismooth at any x

(€]

. ||x|| is semismooth (even 1-order semismooth)
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p-order Semismooth Functions

Definition
If Fis p-order semismooth at x if it is semismooth at x and

sup [|F(x) = F(x) = H(x = x)[| = O(llx = x[|)
HeOF (x)

Theorem

F Lipschitz with and F(Xx) = 0 and p-order semismooth at x and
for all x near x for all H € OF(x), ||[H™Y|| < M, then x* — x with
order p, i.e.

k - k<
Ix¥H = x| = O([]x" = x|1P)

Theorem
If F is PC? then F is 1-order semismooth at any point
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Newton Differentiability
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Definition

Definition
F :R" — R" is Newton differentiable® at x if there is
HF : R" = R™" with

sup |[F(x) = F(x) = H(x = X[ = o(lx = xI])
HEHF (x)

3Pinta, “Newton-type Methods", 2024, PhD thesis
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Relation to Smoothness and Semismoothness

Theorem

If F € C! near x then it is Newton differentiable at x with the
Newton differential x — {V F(x)}

Theorem

If F is semismooth at x then it is Newton differentiable at X with
the Newton differential x — OF (x)
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Other Examples

Example*

- [440%) wn- {2 2]

F is Newton differentiable at 0

Example

. X XGQ, o 1 XGQv
F(X)_{—x xR\ Q HF(X)_{—1 xR\ Q

F is Newton differentiable at 0

*R. Bergmann et al. “The difference of convex algorithm on Hadamard
manifolds”
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Superlinear Convergence
Algorithm
xkth e {xk — H1F(x¥) | H € HF(x*)}

Theorem

F with F(x) = 0 and Newton differentiable at x with HF and for
all x near x for all H € HF(x), |H'|| < M, then xk — x
superlinearly

Proof.
Let H such that x¥*1 = xk — H=1F(x¥)
XK = x| = [|x* = HT'F(x*) — x|
= Hx" —X— H‘lF(xk) — H‘lF(X)H
< |HTHI[[H(x* = %) = F(x*) + F(x)|
< Msup H € OF (x¥)||H(x* — %) — F(x*) + F(x)||
< Mo(||x* — x]|)
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p-order Newton Differentiability

Definition
If Fis p-order Newton Differentiable at x if it is Newton
differentiable at x with HF and

sup [|F(x) — F(x) = H(x = X)|| = O(|lx = x|?)
HEMF(x)

Theorem

F with F(x) = 0 and p-order Newton differentiable at x with HF
and for all x near x for all H € HF(x), |H7'|| < M, then x* — x
with order p

Theorem
If F is p-order semismooth at x it is p-order Newton Differentiable
at X with Newton differential OF
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Weak Newton Differentiability
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Definition

Definition
F :R"™ — R" is weakly Newton differentiable at x if there is
HF : R" = R™" with

[F(x) = F(x) = Hx = X)||

lim sup — =c
XX HEH F(x) [[x = x|
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Linear Convergence

Theorem

F with F(x) = 0 and weakly Newton differentiable at x with HF
and for all x near x for all H € HF(x), |H7Y|| < M and cM < 1
then xk — x linearly

Proof.
Let H such that x**! = xk — H=1F(xk)

X+ = x| = [Ix* = HTTF(x¥) = ]|
= ||x* —x — H'F(x*) — HF(x)||
< HHIIH(X* = %) = F(x*) + F(%)|
< Msup H € OF (x¥)||H(x* — %) — F(x*) + F(x)||
< M(c+e)|x* = x|
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Strongly Convex Functions

Theorem

Let f: U C R" — R be a bounded from below, m-strongly convex
with L-Lipschitz gradient, then Vf is weakly Newton differentiable
at x with a Newton differential x — a1

Proof.

(VF(x) = VF(y),x —y) > m|x = y|?

IVF(x) = VF(y) — a(x = y)|?
= |VF(x) = VFW)I? + o®|Ix — y[I* = 20(VF(x) = VF(y),x — )
< Llx = y|? + ?llx =y = 20(VF(x) = VF(y),x — y)
< LPl|x = y|I* + ?||x — y|? = 2am||x — y||?

|Vf(x) — VFf(x) —alx —x)|| < VL2 + a? —2am||x — X||
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Relatively Strongly Monotone Operators

Definition
T : R" — R" is m-relatively strongly monotone for H € R"*" if

¥x,y € R, (VF(x) = VF(y), H(x = y)) = ml|lx — y|*

Theorem

Let f : U C R" — R be a bounded from below, m-relatively
strongly monotone for H and L-Lipschitz gradient, then Vf is
weakly Newton differentiable at x with a Newton differential
x+— H
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Proof.

IVF(x) = VE(y) = H(x = y)II
<IVF(x) = VI + [H2]lllx = yII?
—(VF(x) = VE(y), H(x = y))
< Lllx = yI? + [ H[lllx = ylI* = 2ml|x — y|?

IVF(x) = VF(x) = Hix = )| < /L2 + [H[| = 2m]|x — ]|

Corollary

If a=1\/L2 + ||H2|| — 2m < 1 then H preconditioned gradient
descent converges linearly
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Sufficient Decrease

Lemma

Let f: U CR" — R Lipschitz with a global minimum at x and
denote by 01f(x) = Paf(x) 0. Assume that Oif is weakly Newton
differentiable on U with the same c. Assume H € Hf is positive
definite and bounded by M with cM < 1. Then

Jp>0Vk €N, p|lx T — xK|12 < F(xF) — F(x*T)
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Idea

Proof.

Qulx) = F(x4) + (D1 F(), x = x) 1 (x — xk, B (x = xH)

1
Qu(x* ) — F(x" ) S/ t(c+ )l (T = XX = x| de
0

c+e k k
= S ke

F(x%) — Qu(x**1) > (a1 F(x), H* o F(x¥)) > 0

N |
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Gradient Error Bound

Lemma

Let f : U C R" — R Lipschitz with a global minimum at x and
denote by 01f(x) = Pyr(x) 0. Assume that O1f is weakly Newton
differentiable on U with the same c. Assume H € Hf is positive
definite and bounded by M with cM < 1. Then

Ip > 0k €N, (oL (xF)|| < plx*Th — x|

Proof.

-1 —1
XK= XK = [ H o f (R) | < IHS(ll]onf (<))
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Error Bounds

Theorem (Complexity under Sufficient Decrease)
Let f : U CR" — R and assume there are ¢ and d such that

VkeN, f(x}) = F(xk) > c||xk+t — xKk|2

VkeN, [xX*1 = x| > d||aif(x9)].

Then for any e >0
min |01 f(x")]| < e
n<k

for all
Fx) ~ F(x)

k> -
c(de)
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Proof.
Assume by contradiction |01 f(x)|| > ¢

Hxi+1 _XiH > de

O
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Error Bounds

Corollary

Let f : U C R" — R Lipschitz with a global minimum at x and
denote by 01f(x) = Pyr(x) 0. Assume that O1f is weakly Newton
differentiable on U with the same c. Assume H € Hf is positive
definite and bounded by M with cM < 1.
Then for any € > 0

min ||01f(x")]] < e

n<k

for all
Fx) — F(x)

k> .
c(de)
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Uniform Newton Differentiability
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Definition

Definition
F :R™ — R" is uniformly (weakly) Newton differentiable at x if
there are c € R(c #0), HF : R" = R"*" such that Ve > 0 39,

Vx € R™, Yy € V with ||x —y|| <8
[F(x) = F(x) = H(x = x)|| <cte

[Ix = x|

sup
HEMF (x)
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Uniform Semismooth Functions

Definition
F :R"™ — R" is Lipschitz uniformly semi-smooth* on V if Ve > 0
30 such that Vx, Yy € V with ||x — y| <4,

[F'(x;x —y) = F'(y; x = y)|
[x =yl

<e

Proposition
F :R" — R", F uniformly semi-smooth* on V, then F is
uniformly Newton differentiable on V with a Newton differential

H(x) := conv {H e R™M | El{Xk}kENylimk%N VF(Xk)T = H}
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C? Functions

Recall PC? functions are 1-order semismooth on the entire domain,
for all y there is ¢ for all x
! ! 2
[F(x;x —y) = Fily;x = y)|| < ellx = |
We can move ||x — y||” into ¢ in order to make the inequality
uniform in y

Theorem
If F € PC? then it is uniformly Newton differentiable on any
compact set
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Underdetermined Newton-type Methods

Given F : R™ — R”, find x €¢ R™
F(x)=0
Same idea: linearize and solve
A() ={y € R™ | F(x) + VF(x)" (y —x) = 0}
A(x*) is not a singleton

How do we pick x**1 € A(x¥)?

Idea: x* T =P 4 x

Xk+1 — Xk o VF(X/()+F(XI()
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Superlinear Convergence

Algorithm

xktL e {xk — HYF(xK) | H € HF(x¥)}

Denote A(x,H) ={y € R™ | F(x) + H(y — x) = 0}

Theorem

F with Z = {x | F(x) = 0} # 0 and Pz Lipschitz and uniformly
Newton differentiable on Z with HF and for all x near Z for all
H e HF(x), |H7Y|| < M and there is P

I P age,Hy X—Pz P 4,1y X[l < PPz P ae )y X—P A1) Pz P age,my x|l

then x¥ — Z superlinearly
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Proof.
See®
Let He HF(x) and y = P g 4y X

[Pzy —PaxmPzyll
<|HFNH®Pzy =P A Pzy) + F(x) + HP 40 Pz y — X)||.
= [[H|HPzy —PaxyPzy +PanmPzy —x)+ F(x)|.
= [[HT||IF(x) = H(x =Pz y)]|.

IPzy =P acm Pzyll < cl[H [[ll(x = Pz y)]l.

dist(y, Z2) < cPM|[(x =Pz y)|.

®Pinta, “A Newton-type method for non-smooth under-determined systems
of equations”, 2025, ,https://doi.org/10.1007/s11075-025-02212-8
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Proof (cont).

Ix =Pzy| <|x —Pzx||+||Pzx—Pzy|
=dist(x, Z) + | Pzx — Pz y||
< dist(x, Z) + Lz||x — y||.

Lz||x — y|| < LzLMdist(x, Z).
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Calculus of Newton Differentiability
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Sum Rule

Proposition
Let F: R" — R™ and G : R” — R™ Newton differentiable at x
with HF and HG. Then F 4+ G is Newton differentiable at x with

x = HF(x) +HG(x)
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Product Rule

Proposition
Let F: R" - R and G : R” — R Newton differentiable at x with
HF and HG. Then F - G is Newton differentiable at x with

x = HF(x)G(x) + F(x)HG(x)
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Chain Rule

Proposition
Let F:R" — R™ and G : R™ — R* Newton differentiable at x
with HF and HG. Then G o F is Newton differentiable at X with

X > {HGHF | He € HF(X), Hg € HG(X)}
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Parallel Chain Rule

Proposition

Let F: R" — R™ and G : R” — R Newton differentiable at x
with #F and HG. Then F® G : R"” — R™% is Newton
differentiable at x with x — HF(x) ® HG(x) C RM*(m+k)
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Inexact Newton Differentials

Proposition
Let F: U C R"” — R" Newton differentiable at x, with HF. Let
g: U —[0,00) and e(x) — 0 as x — X then

GF(x) =HF(x) + Ba(x) [0].
is also a Newton differential for F at x

Proposition
Let F: U C R" — R” weakly Newton differentiable at x, with HF.
Let e : U — [0,00) then

GF(x) =HF(x) + BE(X) [0].

is also a weak Newton differential for F at x
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Chords and Preconditioners

Proposition

Let F: U C R" — R"” Newton differentiable at X, with HF. Then
F is weakly Newton differentiable at X with x — HF(y) for some
y close enough to x

Algorithm

XK = xk T F(x0) LR (x%)
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Dennis-Moré Condition 1

Proposition
Let F: U C R” — R" Newton differentiable at x, with HF. Then
any GF such that

sup [H = G|l = o(|lx — x]|)
HeHF(x),GEGF(x)

is also a Newton differential for F at x

Proposition
Let F: U C R" — R"” weakly Newton differentiable at X, with HF.
Then any GF such that

sup |H = G| = O([|x — x]])
HeHF(x),GEGF(x)

is also a weak Newton differential for F at x
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Dennis-Moré Condition 2

Proposition
Let F: U C R” — R" Newton differentiable at x, with HF. Then
any GF such that

sup I(H = G)(x =x)|| = o(|x —x]I*)
HeHF(x),GEGF(x)

is also a Newton differential for F at x

Proposition
Let F: U C R" — R"” weakly Newton differentiable at X, with HF.
Then any GF such that

sup I(H = G)(x = x)|| = O(|x = x|1%)
HeHF(x),GEGF(x)

is also a weak Newton differential for F at x
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Quasi-Newton Methods

A quasi-Newton method is characterized by an update rule
U :R" x RN — ROXN

Algorithm

skl ok Hk—lF(Xk)
Hk+1 — U(Xk, Hk)

In matrix form:
xk+1 B xk B H< o
Hk+1 - Hk 0 I
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Quasi-Newton Methods

Proposition
Let F: U C R" Newton differentiable at xm H € HF(x). Assume

lim sup ||HE—H| =0
XX HEeHF (x)

Assume

im - =
x,H-x,H ||[H—H|F
Consider G : U x R™"™ — R" x R™"

0

G(x, H) = [F(x) H—U(x,H)].

Then G is Newton differentiable at (x, H) with

s[5 1)
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Why Modified Newton Methods?

We have seen many modifications:
1. Inexact
2. Chord
3. Denis-Moré
4. Quasi-Newton

We get convergence using Newton differentiability

Tradeoff: Slower convergence, but cheaper iterations

1. Start with smooth problem
2. solve with modified Newton

3. Analyze using non-smooth theory
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Kantorovich-type Theorem
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Classic Kantorovich Theorem

Theorem

Let F € C' and define B := ||VF(X0)_1|| and
0= VF() T F(x0)].

If

1. F is L-smooth,
[VF(x) = VEW)[l < Llx =y

2. LBn< .5
then 3x near x° such that F(x) =0
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Kantorovich-type Theorem

Theorem
Let F is Newton differentiable on large enough set

IF(x) = Fly) = HF(x)(x = y)ll < %LHX -yl

and define B := | HF(x°) | and n = |HF(x°) " F(x)].
1. ‘HF is Hoélder continuous,

IHF(x) = HF )] < Llx =y

LB [ f(t)\" f(t)
2<f'<r>> Sf(“ff(t))
F0)=n, f(t)>0, F(f) =0,

fl(t)<0, ft)>-1+LH  F()>0

then 3x such that F(x) =0
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Proof.

Step 1 Show that the Newton method applied to f converges
superlinearly

Step 2 Define X(t) = {x | [[x — x°|| < t,||[VF(xX®)F(x)|| < f(t)}
Step 3 Show with recursion xk € 2(t)
Step 4 Telescope and triangle to get

Step 5 Cauchy sequence
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Further ldeas
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Further ldeas

SANESR S A .

Stochastic Newton

Root multiplicity

Newton in metric spaces
Newton for multiobjective

Newton for constrained optimization
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Why does this matter?

65 /67



Let's say you have a complicated function

Flx) = { Fi(x) if G(x)=0

Fa(x) else

You use automated differentiation or numerical approximation to

compute
| VFA(x) if Ga(x)=0
OaF(x) = { VF(x) else

It is very likely that JaF is a (maybe weak) Newton differential
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Keep doing what you are doing!
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