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Main Results

Given f : R" — R, C! with Newton differentiable gradient (e.g.
piecewise C?), G : R" — R™, differentiable and Newton solvable

(e.g. CY)

Problem
Find
argmin f(x
yeM:={x | G(y)<0}

where Py, is not easy to compute (e.g. quadratic constraints).

Result
The Newton splitting algorithm converges superlinearly.
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Warm Up: Smooth Equality Constrains



Example: Newton on a Subspace

Given f : R" = R, C? and S = {y|Ay + b= 0} C R"

argmin f(x)
x€S

Solution:
N:S=R" Nx=x-—V3|s(x)VFf|s(x)

where: T ={y | Ay =0}
Vfls(x) =Pt Vf(x)
V2fls(x): T — T V2f|s(x) = ProV?f(x)
Can we extend this to general smooth equality constrains?
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Newton Splitting

Model
argmin f(x) <= argmin f(x) + tm(x)
yeM:={x | G(y)=0} x€RM

First Order Optimality

0e Vf(X) + NM(X) —0¢€ Vf|TM(x)(X) + LM(X)

Splitting of the Model

0€ Vflr,(x) 0 € tpm(x)
(P1) (P2)

Idea: apply Newton's method to each problem subsequently
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Newton Splitting contd.

Newton Step for (P)
G(x) = 0 defines a set: Np, should be a set

S(x) ={y | 6(x) + VG(x)(y — x) = 0}
Newton step to solve G(x) =0
Np, :R"=R" < R", Np,x := (Ps( x, S(x))
In particular for G : R” — R" V G(x) invertible

Np,x = (x = VG(x)1G(x), {x — VG(x)"*G(x)})
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Newton Splitting contd.

Figure: The Ap, step



Newton Splitting contd.

Recall
We can solve
argmin  f(x)
S={y|Ay+b=0}

Use the set produced by Np, as S

Newton Step for (P;)
Newton step to solve Vf|r, ) =0 (i.e. Vf|s() =0)

Np, :range(Np,) = R",  Np,(x,5) = x — V*f|s(x) ' Vf|s(x)
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Newton Splitting contd.

2

1 [ [

V2Flg ()Y flg (=)

x ~

0F ¢ —
~ ~ ~ ~—~ —
B N

-1 \ |

-1 0 1 2

Figure: The Ap, step



Newton Splitting contd.

The Operator
N = ./\/731 Osz
Putting it all together:
Nx = Psiax — V2500 (Pspx) " V50 (PsxX)

Recall the definitions of V|5, and szs(x)
T(x) = Tspy(x) = {y | VG(x)y = 0}
Vs (x) = Prx) VF(x)
Vs () T(x) = T(x) V2500 (x) = Prx) 0 V2 (x)

Nx = Ps(X)X — PT(X)V2f(Ps(X)X)flPT(X)Vf(Ps(X)X)
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Newton Splitting Algorithm

Figure: One lteration of the Algorithm



Newton Splitting Algorithm

NxK = Pg(agx¥ = P V2 (P X*) " Pr(uky V(P sy x¥)

Algorithm 1 Newton Splitting Algorithm

k<« 0
repeat
xk+t1 = Txk: specifically, compute
y = PS(xk)Xk :

y + VG(x*)rVG(xF)VG(x)T(VG(xK)xk — G(x¥))
F = Ps() VF(Ps(yx*) :

F « Vf(y) — VG(x*)TVG(x)VF(y)
H= Ps(x)v2f(P5(X)X)P5(X) .

H + (Id =V G(x*)TVG(x})V23f(y)(Ild =V G(x) TV G(x

Xei1 =y —H'F
until <convergence>

8)
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Inequality Constrains



Recap: Newton on a Subspace

Given f : R” =R, C2and S = {y|Ay + b= 0} CR"

argmin f(x)
x€S

Solution:
N:S o R" Nx=x—VFfls(x)"1VFf|s(x)

where: T ={y | Ay =0}
Vfls(x) =Pt Vf(x)
V2f|s(x): T — T V?f|s(x) = ProV3f(x)
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Inequality Constrains

Given f : R" = R, C2 and S = {y|Ay + b<0} CR"

argmin f(x)
x€S

Solution:
N:S—=R" Nx=x—V3|s(x)VFf|s(x)

where: T(x) ={y | 3t 1 0,3x, € S(x) = x : (X — x)/th — y}
Vf|s(x) = Pr(x) VF(x)
V2f|s(x) : T(x) = T(x) V3f|s(x) = Pre) oV2f(x)
V2f|s(x) is a positive-linear map:

V2fls(x) " Hwv1 + vo) = V2Fs(x) " va + V3 Hs(x) v
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Newton Splitting

0€ Vflr,(x) 0 € tpm(x)
(P1) (P2)

Newton Step for G(x) < 0

Np, :R" =R xR, Np,x := (Ps(x) x, S(x))

where
S5(x) ={y | G(x) + VG(x)(y — x)<0}

Newton Step for V|7, (x) =0

Niry : range (M) = B, Nipay(x,5) = x ~ V2F|s(x) "V ls(x)
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Analysis Warm Up: Nonsmooth Unconstrained



Newton Differentiability

Definition
Given F:R" — R" and y € R", F is pointwise Newton
differentiable at y if there exists H : R = R"*" and

Fy €[0,00] : [ F(x) = Fy) = H(x)(x = )| < O (llx = y[['*7)
holds for all H(x) € H(x) for all x.

Convergence: Classical Newton's Method

Given F pointwise Newton differentiable at X, isolated with
F(x) = 0, bloodH(x)~! bounded for all H(x) € H(x) for all x near
X, the sequence

XKL= Tk = xk — H(xk)*lF(xk)

is convergent with rate 1 4+~ (superlinear if 7 > 0) to X for all x°
close enough to X
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Examples

1. f strong convex with L Lipschitz gradient = Vf Newton
diff. with H = LId

2. f € C?> = Vf Newton diff. with H = V?f
3. Vf ~-semismooth = Vf Newton diff. with H = OVf
Vf ~-semismooth if OV exists and for all x,y and C(x) € OVf(x)

IVF(x) = VI(y) = C(x)(x =) < O (|Ix = y[**7)
where

OVf(x) =conv{ lim V2f(xa)}
SV2F(xn)
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Analysis: Main Result



Constrained Newton Differentiability

Recap

S(x)={y | G(x) +VG(x)(y —x) <0}

T(x) ={y |3t >0:Psuyx+ty € S(x)} and

veR" V’S(X) = PT(X)V

Definition

F pointwise Newton differentiable at X, FS(;)()'() =0, with respect
to the differentiable constrains G there is H : R" — R™"

Iy €[0,1] :
11500 (Ps0X)) = Hls() (Psx) (P (x = ) < O (fx = %[7)

12/17



Newton Solvability

Definition
G : R" — R™ is Newton Solvable at X if

IPs(x — x| < O (|Ix = xII'7)

Intuition
G :R" — R", for all x, G(x) >0, 3'x with G(x) =0

Psi0X = Ply | 6(x)+v6)(y—x)} = Nex = x = VG(x) 71 G(x)

Examples
1. G:R" = R", for all x, G(x) >0, 3lx with G(x) =0
1.1 G €C! and VG(x) invertible
1.2 G semismooth and G (x) for all x near X invertible
2. G:R" = R™ for all x G Newton differentiable, for all x,
G(x) > 0 and VG(x)" bounded
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Examples

Smooth Functions
f € C2, G Newton solvable, then f Newton differentiable at x with

respect to G with h = V2f
If V2f(X) invertible, then V2f(x)|5(x) invertible

Semismooth Functions
Vf ~ semismooth, G Newton solvable then f Newton differentiable

at X with respect to G with H = 9Vf
OV f|s(x)(x) invertible required
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Main Result

Problem

argmin f(x) = 0€e{y| G(y) <0} NVf|r,c()
yeM:={x | G(y)<0}

Convergence
Given F pointwise Newton differentiable at X with respect to the
Newton solvable constrains G, S(x) and T(x) defined as above,
F|s(x)(x) = 0 isolated and H|s(,)(x)~! bounded
Nx = Ps(xyx = Hl s (Psx)¥) " Fls() (PS(X) x)
= Psx) — (P10 H(Ps(x)X) P1(x) " P F (Ps(x))

superlinearly convergent with rate 1 + « (superlinear if v > 0)
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Numerical Experiments
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Figure: Step length for phase retrival



Context

SQP
Sequential Quadratic Programming (1960s)

A(x) = argmin Lam v2ce (x)d+ VFf(x)'d
deS(x)

Tx = x + A(x)

Newton Splitting

A(x) = argmin Lt P1)Vf ( Pspyx )d+ Py VF ( Pspyx )Td
deT(x) 2

Tx = Pspyx + A(x)
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Main Results again

Given f : R" — R, C! with Newton differentiable gradient (e.g.
piecewise C?), G : R" — R™, differentiable and Newton solvable

(e.g. CY)

Problem
Find
argmin f(x
yeM:={x | G(y)<0}

where Py, is not easy to compute (e.g. quadratic constraints).

Result
The Newton splitting algorithm converges superlinearly.
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Appendix 1 - Gradient Descent

From strong convexity:

(VF(x) = VF(y),x —y) > O(lIx — y|?)
So
IVF(x) = VF(y) — L(x — y)|]?
IVF(x) = VF(y)|> + L2]x — y||> = L(VF(x) = VF(y),x — y)

< Lllx = yl? + Lllx = y? = LVF(x) = V(y),x — )
< O(lx — yII?)

IVE(x) = VE(y) = Lx = y)I < O(llx = ¥ 1)



Appendix 2 - Main Proof

INx = %] = [[Psx)x — Hls(x) (Ps(x)X) ™ Fls) (Psxyx) — ||
= [|H]5() (P50 %) (H] 50 (Ps()¥) Ps(x) X
— Flspo(Psx)x)) — X||
= [[H|500)(Ps(x)¥) " (Hl50)(Ps()X) (Psx)X — Ps()X)
— Flspg(Psx)x)) + Psx — X||
(
)
S(

< |[H1500 (P50 ) M I (HI (0 (Ps()¥) (Ps X — Ps(x)X)
= Fls)(PspX))l + [[Psyx — X||

= || H|50) (P50 )M T (HI s (Psoy¥) (P (x = X))

= Flse)(PseyO)I + [ Psoyx — X||

< MO(|lx = x|I"7) + O(llx — [**7)
= O(flx — x[I"*7)



Appendix 3 - Semismooth and Newton Diff.

1P VE(Ps)x) = P10 V2 (Ps)X) (Psiax — PsioX) |l

P10 VE(Ps)x) — Prog VE(Ps)X)

— Pr(gV? f(PS(X)X)(PS(X)X — Ps()X) 4+ Pr V(PsiX) |l

< HVf(PS(x) x) = V2F(Ps(x)) (Ps()x — Psi )|l + [|P1() V(Ps %)l
< O(|Psllllx = XII*7) + | Pr(g VE(Ps Xl

< O(IPsllllx = %II*™7) + |Pr(x) VF(Ps(X) — Pr) VF(Psz %)l

< O(||Psllllx = XII*=7) + O([|Pspx — x|1)



